We study the role of bath-induced correlations in temperature estimation of cold Bosonic baths. Our protocol includes multiple probes, that are not interacting, nor are they initially correlated to each other. After being placed in a common bath, such probes may get correlated to each other and even entangled, especially at low temperature. We examine the impact of these correlations in metrology, especially thermometry of the bath. Our results show that they significantly improve the statistics of the thermometer as sub-shot-noise or even Heisenberg-like scaling is possible at low enough temperatures. Our results put forward new possibilities in thermometry, for instance in the context of Bose-Einstein condensates at ultracold temperatures.
Introduction.-Achieving extremely low temperatures is a must for quantum simulation and computation in many platforms. In order to fully characterize any system that works for such tasks, aside from tunable parameters one has to estimate the non-tunable ones as well. Although these parameters vary depending on the platform, temperature is common among almost all, because thermal states naturally appear in many physical systems. Even if that is not the case, the statistics of sub-systems of a quantum system often behave as if the quantum system was at thermal equilibrium [1] [2] [3] . Therefore, thermometry is a major focus of many theoretical and experimental research carried out in quantum systems [4, 5] .
Since quantum systems, especially when made of many constituents, are fragile and costly to prepare, the usage of small systems as quantum probes is an essential method for non-destructively measuring their parameters [6] . As such, individual quantum probes for thermometry have been studied in several scenarios [7] [8] [9] and their usefulness was recently demonstrated experimentally in ultracold gases [10] . When the probe thermalizes with the sample, universal results can be obtained thanks to the Gibbs ensemble, that connects thermometry precision to the heat capacity [11, 12] . At very low temperatures, however, quantum probes do not thermalize with the sample and a more detailed and precise description of the statistics-which in general is model dependent-should replace the Gibbs ensemble [9, 13] .
Most of major experimental thermometry protocols that address ultracold gases use the time-of-flight absorption technique, which can be very precise, but is often destructive [14] [15] [16] . Nonetheless, there are some experiments in which an impurity is used as a probe. This impurity can be made up of multiple atoms that simultaneously interact with the system [17, 18] . It is well known that a quantum system/bath can create correlations, specifically entanglement, among different quantum systems that interact with it. This can be the case even if the probes are initially uncorrelated and/or if they do not interact directly with one another. We call this phenomenon bath induced correlations. In the past few years, and no correlations are built among the different probes. In this setting one obtains at most a shot-noise scaling. (b) Single-bath scenario-the focus of this work: all thermometers are placed in contact with the same bath. The thermometers do not interact with each other nor do they share initial correlations, yet they get correlated thanks to their interactions with the bath. Our results show that such correlations might lead to sub-shot-noise scaling at low temperatures. several theoretical works have reported bath induced entanglement in different platforms including Bosonic and Fermionic environments [19] [20] [21] [22] [23] [24] and even realized them experimentally [25] . However, to our knowledge, the use of such correlations to estimate the bath parameters has never been studied. Putting aside the fact that quantum correlations are among the main resources for parameter estimation, they are also extremely determinant for describing the statistics governing any metrological task.
The main goal of our work is to analyze the thermometry of bosonic systems when using multiparticle probes. By avoiding simplifying assumptions such as thermalization, which may be too strong in some physically relevant scenarios, we aim to study the impact of bath induced correlations in precision thermometry. We show that these correlations help improving the precision of these experiments and provide strong evidence that they allow beating the shot-noise-limit and even reach a Heisenberglike scaling at low-enough temperatures. Our results can be used to address and improve non-demolition thermometry of Bose-Einstein condensates (BECs) in the nK and sub-nK domain aligned with previous efforts in characterizing correlations in BECs [24] .
The setup and the model.- Figure 1 illustrates the scenarios that we address here: In (a) we have the independent baths scenario, in which no correlations will be created among different oscillators. This is our reference scenario. Any situation in which one invokes the thermalization assumption can be analyzed within this framework. In (b) we use a more realistic scenario, in which all of the probe oscillators are embedded in the same bath, hence giving rise to correlations among different oscillators. We see below that this scenario gives rise to a different statistics, which implies that using (a) leads to a significant miscalculation of the thermometry precision. Moreover, at very low temperatures (b) can lead to sub-shot-noise scaling in quantum thermometry. Below we explain in due detail how such statistics can be analyzed by modelling the protocol and then exactly solving the probe's non-equilibrium steady state (NESS).
We consider a bath of Bosonic harmonic oscillators. It is in a thermal state, and our aim is to estimate its temperature T by bringing it in contact with an external probe. After sufficiently long interaction among the probe and the bath, the probe relaxes to the NESS. Next, measurements are carried out solely on the quantum state of the probe, hence realizing a non-demolition measurement on the bath. The measurement outcomes are finally analyzed to find an estimate of the temperature, with the highest possible resolution. The global Hamiltonian describing the bath and the probe is given by
where the Hamiltonian of the probe H P reads as
with x i and p i being the position and momentum of the ith oscillator, respectively. The Hamiltonian of the bath reads
being y k and q k the position and momentum of the bath mode with the wave vector k. Note that H B could in general be an interacting model, however, if the interaction is quadratic, one can always bring it to the form (3) by finding its normal modes. For example, this is the case for the one-dimensional BECs studied in [7, 26] . Finally, the probe-bath interaction has the quadratic form
Here r i is the position of the ith oscillator of the probe. Equation (1) is thus quadratic, i.e., the dynamics is Gaussian and the NESS will be Gaussian too. The NESS does not depend on the initial state of the probe, it only depends on the parameters describing the dynamics, as well as the initial thermal state of the bath. The Gaussianity of the NESS means that we only need to know the first and second order correlations-known as the displacement vector and the covariance matrix, respectively-to fully describe its statistics. Recall that if we assign R = (x 1 , p 1 , . . . , x N , p N ) T , then the covariance matrix is a 2N × 2N symmetric matrix with ele-
The conventional method of finding the displacement vector and the covariance matrix starts by using the Heisenberg equations of motion-that for any observable O readsȮ = i [H, O] . Applying this to all degrees of freedom in our model giveṡ
Solving these equations for the probe degrees of freedom, gives the quantum Langevin equations of motion (QLE) [27, 28] 
where stands for convolution. Here, the susceptibility is given by
with the step function Θ(t) imposing causality. The Brownian Force reads Relative error (δT min /T ) against temperature for different system-bath couplings; g = 0.01 (black), g = 0.03 (blue) and g = 0.05 (red) for a fixed number of oscillators N = 10. The solid curves represent the scenario (b) i.e., with a single bath whereas the dashed lines are obtained considering independent baths scenario (a). We see that at low temperatures increasing g enhances the thermometry precision, whereas at higher temperatures the opposite holds. Moreover, embedding the oscillators at the same bath, that is scenario (b), can significantly decrease the relative error. Here, we used a chain with |r i − r i+1 | /c = 0.01 in units where the frequencies of the oscillators are ω = 1. The thermal bath has a cutoff frequency of Ω = 100 ω.
The solution of the QLE (9) depends on the probe-bath interaction, and on the particular spectral density describing it. The latter is a matrix with the following elements
In appendix A we find the spectral density governing our problem, which we use to exactly solve the QLE (9) and fully characterize the statistics of the steady state of the probe. We firstly find that the displacement operator vanishes and secondly obtain the temperature dependent covariance matrix. If Γ (a) (T ) and Γ (b) (T ) are the covariance matrix in scenarios (a) and (b), respectively, we immediately observe an expected major difference in the correlation structure between scenarios (a) and (b). While in the first we have an uncorrelated state, with
is the local covariance matrix of the ith probe oscillator, in scenario α ∈ {a, b}-this is not the case for the common bath scenario, in which inter-oscillator correlations appear. These correlations do not necessarily imply the presence of entanglement. However, at very low temperatures the probe oscillators indeed become entangled, as (black), N = 10 (blue) and N = 15 (red). The solid lines correspond to the scenario with a single bath. In this case, we observe a sub-shot-noise scaling. The dashed lines indicates the case with independent baths, that is independent of N , i.e., the relative error is shot-noise limited. We are using ω = 1, g = 0.05, Ω = 100ω and |r i − r i+1 | /c = 0.01.
detected by a non-vanishing entanglement negativity (see Appendix A). Below, we show that this major difference in the correlation structure leads to a scaling enhancement in precision thermometry. Metrology in Gaussian quantum systems.-We are dealing with parameter estimation in Bosonic Gaussian quantum systems. Let Γ(λ) be the covariance matrix of a Gaussian quantum system-like the one that we obtained above for our thermometry task. Here, λ is the parameter to be estimated, which can be temperature or any other parameter. In what follows we drop parameterdependence of the covariance matrix to have a lighter notation. Moreover, we restrict ourselves to scenarios with vanishing displacement operator, as is the case in our problem.
For a given measurement, determined by the measurement operator set {Π s (γ)}-where s labels the specific measurement, and γ denotes different outcomes and can be continuous or discrete-the error on estimation of λ is bounded from below by [29] 
where ν is the number of measurement runs, and F cl (λ, s) is the classical Fisher information associated with the performed measurement. It is defined explicitly as follows
Here p(γ|s, λ) is the conditional probability of observing γ given the parameter has the value λ and the measurement s is performed. The quantity F Q (λ) = max s F cl (λ, s) is the quantum Fisher information (QFI) that is obtained by maximizing the Fisher information over all possible measurements and is therefore independent of the performed measurement. The first inequality in (13) is called the Cramer-Rao bound, which is saturated by a proper post-processing of the outcomes, thus one can set the Fisher information as a figure of merit for a good precision for a fixed measurement. The second inequality is the quantum Cramer-Rao bound (QCRB) that sets a fundamental lower bound on the estimation error, regardless of what the measurement is. Importantly, this bound can be also saturated as the definition of the QFI suggests. We show the minimum error for the single shot scenario (ν = 1) with δλ min ≡ 1/ √ F Q . Finding the optimal measurement and the QFI is a challenging task that requires different approaches depending on the platform under study, the underlying dynamics, and the specific parameter to be estimated. Nonetheless, for Gaussian systems, one can routinely find the QFI as well the measurement that achieves it [30] [31] [32] [33] . In general the optimal measurement is highly nonlocal. What is more, if we perform a sub-optimal Gaussian measurement-i.e., when measuring Gaussian systems it produces outcomes with a Gaussian probability distribution-the classical Fisher information is straightforwardly calculable (see e.g., [30] and appendix B). However, for more general non-Gaussian measurements-e.g., observable O-one might not be able to find the Fisher information. In such cases, we alternatively quantify the error by the error-propagation formula Main results.-We study the relative error δT /T in different temperature regimes and for a variety of parameters in the problem, in particular the coupling strength, and the number of oscillators in the probe.
In Fig. 2 we illustrate the relative error versus temperature for various probe-bath couplings. For both scenarios (a) and (b), we observe that at high temperatures the relative error worsens by increasing the coupling whereas at low temperatures the opposite behaviour is observed. This unifies the findings of [7] and [9] , and extends them from the single to the multi-probe scenario. Furthermore, Fig. 2 also shows that for a fixed coupling the scenario (b) outperforms the scenario (a) at all temperatures. This enhancement is more notable at lower temperatures. In order to see the scaling behaviour more clearly, we fix the coupling, and study the relative error normalized with the number of probes as depicted in Fig. 3 . At small temperatures, we observe that (b) outperforms (a) with Here, we tune the setting to the low temperature limit with T 0 = 0.01ω. Observe that in the single bath scenario (solid black) the scaling is super-linear. Our numeric shows that the scaling is quadratic (dashed blue), while in the independent scenario (dashed black) we see a linear scaling, as expected from additivity of the quantum Fisher information. The rest of the parameters are set to g = 0.05ω, Ω = 100ω and |r i − r i+1 | /c = 0.01. In a dashed blue line we show a quadratic fit to the results. a sub-shot-noise scaling; the evidence for this being the reduction of the normalized error by increasing the number of probes. However, as the temperature grows, the enhancement becomes just a coefficient, and finally at high temperatures no enhancement is observed, which is expected because the probes will thermalize with the bath, and the two scenarios (a) and (b) become equivalent.
In order to better quantify the scaling enhancement at low temperatures, we fix the temperature in the lowtemperature limit, and study the behaviour of the QFI versus number of oscillators. As pictured in Fig. 4 our results show that the QFI is quadratic with N , resembling a Heisenberg like scaling 1 . To our knowledge this is the first time bath-induced correlations are exploited for thermometry-and even other metrological tasks.
Finally, we examine the possibility of estimating the temperature from local-Gaussian measurements, and/or global passive measurements [results not presented here]. We find that the error of both these measurement scenarios is shot-noise limited. Therefore, in order to benefit the sub-shot-noise scaling, one needs to perform global and/or local non-Gaussian measurements.
Discussion.-We have shown that bath-induced correlations have a very important role in thermometry. Not only taking them into account is necessary for precise interpretation of the statistics, but also they offer a subshot-noise scaling. The recent results showing the existence of quantum correlations among different impurities embedded in a Bose Einstein condensate (BEC) imply that our scheme is necessary to describe more precisely and comprehensively the thermometry of BEC and other ultracold atomic gases [24] .
Acknowledgments.-Constructive discussions with M.A.Garcia-March, C.Charalambous, S.Iblisdir, S.Hrnandez and L.A.Correa are appreciated. This work was financially supported by Spanish MINECO (QIBEQI FIS2016-80773-P, ConTrAct FIS2017-83709-R, and Severo Ochoa SEV-2015-0522), the ERC AdG CERQUTE, the AXA Chair in Quantum Information Science, Fundacio Privada Cellex, and the Generalitat de Catalunya (CERCA Program and SGR1381) is acknowledged.
Starting from equations (5) (6) (7) (8) we can find the quantum Langevin equation by solving for the degrees of freedom of the bath. It is more convenient to define the creation and annihilation operators
The equations of motion for the a k and a † k decouple yieldinġ
These can be solved for any given x i (t) with solution
By transforming back to position and momenta and substituting into the equations of motion for the probe, we get Eq. (9) . Taking the the Fourier transformation from both sides of (9) and using the convolution theorem one obtains
where the tilde represents the Fourier transform of the original function. In a compact matrix representation, this readsx
with the matrix α given by
To proceed further, we assume an isotropic bath. This means that all quantities only depend on the magnitude of k, in particular ω k = ω −k . From the definition of χ(t) given in equation (10) it is clear that χ is real. Moreover, given any value of k present in the bath, −k is also present, as waves should be able to propagate in both directions. Then, taking the transpose of χ is the same as exchanging the sign of r i − r j which doesn't change the final value of χ, this implies that α(ω) is a symmetric matrix. Additionally, χ is an odd function of t which implies thatχ * (ω) =χ(−ω) and this readily gives α * (ω) = α(−ω). The covariance matrix can be found by first finding the bath correlation functions. Firstly, notice that at the initial time the bath is in a thermal state for which we have y k y p = δ kp coth(ω k /2T )/(2m k ω k ), and q k q p = δ kp m k ω k coth(ω k /2T )/2, and y k q p = δ kp i/2. Using these and after a straightforward calculation one can express the bath correlation functions as
Using once again the isotropy property of the bath, the terms proportional to sin k · (r i − r j ) cancel out of the summation and (A10) becomes
where J(ω) is the spectral density defined in (12) . In a compact matrix form we have
By Fourier transforming the latter result one finds that
If we symmetrize this expression, we will have only the real part
With this, one can already calculate the position-position correlations in the frequency domain. For instance, if we are interested in the element x i (ω)x j (ω) by substituting in (A8) one finds
In the time domain, we need to find the inverse double Fourier transform of (A15), and evaluate at t = 0. This is
Similarly, we can find the position-momentum, and momentum-momentum correlations
In order to complete the steady state solution of our model, we comment on the spectral density J ij (ω) and the dissipation kernel χ(ω). To begin with, we consider an Ohmic form for the diagonal elements of the spectral density
with g representing the strength of the interaction, and Ω being the cutoff frequency. We still have to find the off-diagonal terms. By recalling the definition of the spectral density
and assuming a linear dispersion relation k = ω k /c for our one-dimensional bath, we should have
that completely characterizes our spectral density. FIG. 6: Left: Inter-oscillator correlation x 1 x n as a function of "n" for scenario (b). In black we set T /ω 0 = 0.01, in blue T /ω 0 = 0.1 (they are nearly identical and can hardly be distinguished) and in red T /ω 0 = 1. Right: Relative error as a function of temperature for single bath scenario (solid black) and the independent baths scenario (dashed black). For the single baths scenario, we also depict the mutual information (solid red) and the entanglement negativity (solid blue). Both of these quantities have been normalized to their maximum value. Notice that in the independent baths scenario they are both zero. We used a coupling of g = 0.05, a cutoff frequency of Ω = 100 ω and |r i − r i+1 | /c = 0.01. In the left panel N = 20 and in the right panel N = 10.
Using the spectral density (A21) one may find both the imaginary and the real parts of the susceptibility. Starting with the definition of χ(t), Eq. (10), and using the isotropy of the bath gives
which by definition of the spectral density reads Observe that in the single bath scenario (solid black) the scaling is linear, but with a coefficient that is bigger than the independent scenario (dashed black). Right: Here, we tune the setting to the high temperature limit with T /ω = 1. We observe that the single bath scenario (solid black) has the exact linear scaling as the independent scenario (dashed black). For both panels, the rest of the parameters are set to g = 0.05, Ω = 100 ω 0 and |r i − r i+1 | /c = 0.01.
with F (•) [F −1 (•)] being the [inverse] Fourier transform of (•), and we used the fact that J(ω) is an odd functionmaking J(ω) cos ωt and J(ω) sin ωt odd and even, respectively. Taking the Fourier transform of this expression and using the fact that for our choice of normalization F (f g) = 1 2πf g we get tõ
which can be evaluated via a complex integral and gives
(A25)
The covariance matrix and inter-oscillator correlations In Fig. 5 we depict the on-site x 2 1 correlation as well as inter-oscillator correlations x 1 x 2 that are only present in scenario (b). From the left panel we observe that the two scenarios lead to the same on-site correlations. In the right panel, we see that inter-oscillator correlations, namely x 1 x 2 have a qualitative behavior similar to the on-site correlations x 2 1 , however, with a smaller magnitude. We further depict in Fig. 6 the dependence of correlations with distance among oscillators, i.e., x 1 x n against "n". It is seen that the correlations are present not just among next neighbors, but also farther distances. As one increases the distance of the oscillators, their correlations decreases, as expected.
The correlations that we see here are the main difference of scenario (b) and scenario (a), and are therefore responsible for the increase in the dramatic QFI of scenario (b). We emphasis that these correlations might be but are not necessarily quantum correlations. In order to clear this out, we have plotted the relative error alongside the entanglement negativity and mutual information in the right panel of Fig. 6 . We see that whenever we have scaling enhancement, i.e., at very low temperatures, the entanglement negativity is non-zero. Although, this is not very conclusive, but we conjuncture that entanglement is a necessary but not sufficient condition for the scaling enhancement. Moreover, we observe that the classical correlations always exist, even at very high temperatureswhere quantum correlations disappear but the mutual information is non-vanishing.
The scaling of the QFI at higher temperatures We already know from Fig. 3 that at mid range temperatures we have a coefficient enhancement rather than scaling, whereas for higher temperatures, the two scenarios exactly perform the same. In Fig. 7 , we picture this more clearly. As it can be seen from the left panel, for a temperature T /ω 0 = we have a coefficient enhancement in scenario (b), while increasing the temperature to T /ω 0 = leads to no enhancement.
Appendix B: Parameter estimation in Gaussian quantum systems
In this paper we use well-established techniques in quantum metrolgy for finding the ultimate bounds on thermometry of our Bosonic sample. Here, we remind the main techniques that were originally proven in [30] .
The symplectic form reads as
Gaussian states are fully determined by their first and second moments
where d ∈ R 2N , and Γ ∈ M 2N (R). We also defined the symmetric product as A • B = 1 2 (AB + BA). The optimal measurement The optimal measurement is a projective one carried out in the basis of the symmetric logarithmic derivative (SLD). The latter is a self adjoint operator Λ that satisfies the following equation
with θ being the parameter to be estimated. One can prove that the SLD is at most 2nd order in the quadrature operators and reads
where we use Einstein's summation rule. The matrix L 2 is the solution of the following matrix equation
which can be straightforwardly solved by vectorization. Using L 2 one can find the vector L 1 through
which vanishes if d = 0. Finally, the constant L 0 is given by
Finding the quantum and the classical Fisher information The quantum Fisher information is defined as
which by using the expression (B4) for SLD reads
This last equation provides the QFI for a Gaussian system. According to [30] , if we consider proper dimensions, i.e., if we consider Ω → Ω and let → 0, we revive the classical Fisher information for a Gaussian probability distribution
This latter equation is directly proven for classical systems in [33] .
The classical Fisher information of compatible Gaussian measurements
Let us start by recalling the Wigner function of a Gaussian quantum system [34] W
For a single mode, in order to find the probability distribution (more precisely probability density function) of a specific outcome, we have to integrate over the other quadrature. This is to say P (x) = W (x, p)dp.
Moreover, if we have two modes, we have to integrate over both quadratures of the other mode as well P (x 1 ) = W (x 1 , p 1 , x 2 , p 2 )dp 1 dx 2 dp 2 .
Similarly, for the joint probability of seeing the first particle at position x 1 and the second one at x 2 we should have P (x 1 , x 2 ) = W (x 1 , p 1 , x 2 , p 2 )dp 1 dp 2 .
(B16)
The classical Fisher information for a probability distribution Given a probability function/distribution that depends on an unknown parameter, one can find its corresponding classical Fisher information as follows [see e.g., [29] ] .
(B17)
In the continuous limit, the summation shall be changed with an integration 
Given a probability distribution like P (r), which is Gaussian with the corresponding covariance matrix Γ r (being the reduced covariance matrix corresponding to the commuting observables r = {r 1 , r 2 , . . . , r N }), the classical Fisher information is given by Eq. (B12), as proven in [30, 33] .
